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morphing surfaces : 
lessons from botany

Two strategies to achieve surface morphing in biology

how do we induce shape changes?
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Fig. 6.5 Interpretation of equation (6.32): compared to the developable case (b) (K = 0,
parabolic surface), the perimeter of a circle of � xed radius drawn on a surface is smaller for

a locally convex surface (a) (K > 0, elliptic surface), and larger for a saddle-like surface (c)

(K < 0, hyperbolic surface).

This geometric interpretation yields a direct proof of the Theorema egregium, since
these perimeters are by de� nition invariant by isometric deformations of a surface. It
also shows that the perimeter of a circle of radius r is less than 2π r on elliptic surfaces
such as a paraboloid (K > 0), but more than that on hyperbolic surfaces such that
(K < 0), as illustrated in Fig. 6.5.

6.2.4 A historical note

The conservation of the Gauss curvature upon isometric deformations of a surface,
as established by equation (6.26) or (6.32), was � rst proved by C. F. Gauss in the
Theorema egregium of his ` Disquisitiones generales circa super� cies curvas' (General
investigations of curved surfaces), published in 1827. The Latin adjective egregium
derives from ` ex grege' , meaning ` out of the 
 ock' . It means ` remarkable' or ` extraor-
dinary' . Gauss indeed estimated that his formula ` may be counted among the most
productive theorems in the theory of curved surfaces' ( ` inter fertilissima theoremata
in doctrina de super� ciebus curvis referenda est' ).

To derive this result, Gauss proceeded technically by expressing the Gauss curva-
ture, de� ned as the determinant of the curvature form, in terms of coefficients of the
metric tensor 19:

E =

∣

∣

∣

∣

∂r

∂u

∣

∣

∣

∣

2

F =

∣

∣

∣

∣

∂r

∂v

∣

∣

∣

∣

2

G =
∂r

∂u
�
∂r

∂v
, (6.33)

and their partial derivatives, where r(u; v) is any parameterisation of the surface. By
de� nition, the components E, F and G of the metric tensor are unchanged upon
isometric deformation of the surface.

6.2.5 Practical calculation of Gauss curvature

In the previous sections, we computed the Gauss curvature K(P ) at a point P of a
surface S given as a graph (x; y) !→ (x; y; f(x; y)) in a Cartesian system of coordinate
(x; y; z) such that the tangent plane at P is horizontal. In this section, we relax this as-
sumption and compute the Gauss curvature when the orientation of the tangent plane

19The notations E, F and G for the components of the metric tensor were introduced by Gauss
himself, and were still used until recently.
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zero curvature

a cylinder … stays a cylinder

artificial petal  conserving distances :



blooming : growth is more active on the edges of petal 

the longitudinal growth, we also observe a 7% increase in the
width of petals/sepals, that leads to a circumferential hoop stress
on the bud.

Previous investigators have implicated the midrib as being
crucial in the mechanism of blooming (4, 5). Indeed, the midrib
is woodier than the lamina, but measurements of the stiffness of

the midrib and the lamina (SI Text) shows that the leafy part
accounts for 78% and the woody part accounts for 22% of the
total bending stiffness of a shell-like petal; the curvature of the
lamina and its width more than making up for the difference in
the actual Young’s modulus between the woody and leafy parts of
a petal. To find whether midrib is essential for blooming or not,
we shaved the midrib from one sepal and a petal when a lily is
a bud, and find that both the sepal and the petal without the
midrib open normally just like the other petals/sepals; the small
difference in the final curvature is because the stiffness of the
midrib composite is different from that of the petal/sepal. To
further quantify the role of the midrib in flower opening, we
shaved it from a fully bloomed lily and then peeled away the
woody part from the petal (Fig. 2A). We find that the leafy part
is about 4.5% (averaged over 10 samples) longer than the woody
part and induces a spontaneous outward curvature that enhances
flower opening. These observations show unequivocally that the
midrib is neither necessary nor dominant in driving blooming.

Another possibility for the underlying mechanism behind
blooming is the generation of spontaneous curvature due to dif-
ferential growth of the inner (adaxial) surface of the petal/sepal
relative to the outer (abaxial) one. Earlier experimental evidence
(5) shows that cell size on both surfaces of a petal is the same
at the onset of blooming and further that there is no cell prolif-
eration, suggesting that differential growth of the adaxial and
abaxial surface is not likely to play any role in blooming. To
corroborate this on the organ scale, we note that surface differ-
ential growth will cause a shell-like petal will bend outward more
if marginal tissues are removed, because the cross-section of
a petal becomes less curved and the longitudinal bending stiff-
ness decreases dramatically. However, we see both petals/sepals
become less curved when the lateral edges of the petals are cut
away (Figs. S1 and S2), which contradicts the hypothesis that
relative surface expansion drives blooming.

Finally, we observe a slight rotation of the base of the
petal/sepal relative to the flower axis consistent with earlier

Fig. 1. Observations of and experiments on blooming in the asiatic lily
Lilium casablanca. (A) A young green lily bud. The black dots separated by
1 cm allow us to measure growth strains. (B) The cross-section of a lily bud.
(C) A typical opening sequence of a lily flower over a period of 4.5 days.
The black line is the profile in the bud state, the transparently light blue
shows the half-open state, and the white one is the fully open state.
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Fig. 2. Anatomy of the lily bud and the role of midrib. (A) The composite
structure of a petal midrib: the Left panel shows a single petal; the Center
panel shows the grooved structure of the midrib; the Right panel shows that
when the leafy part (gray) is peeled away, the woody part straightens out,
a sign that there is some relative growth between the two. (B) When the
midribs are removed from a petal and a sepal, the flower can still bloom
normally, with a slightly different curvature relative to the pristine petals/
sepals. (C) The inner petals have rippled edges in the bud, showing clearly
that their edges are growing relative to the rest of the tissue.

A

B

Fig. 3. Experimental measurement of differential growth and numerical
simulation in a single petal. (A) Longitudinal growth strain εgxx along the
midrib and the edges varies in the lateral (y) direction. The edge growth
strain is averaged over 6 sepals, and the midrib growth strain is averaged
over 10 petals/sepals. This lateral growth gradient is sufficient to drive
blooming. (B) Simulation of the blooming process in a single elliptical petal
that is originally a convex spherical shell. As the edge-growth strain
increases (see text for details), the curvature of the petal first reverses;
i.e., it blooms. and then edge-localized ripples arise. The order of blooming
and rippling can be reversed by changing the relative distribution of growth
strains as can be seen in the inner and outer petals and sepals that follow
opposite paths.

Liang and Mahadevan PNAS ∣ April 5, 2011 ∣ vol. 108 ∣ no. 14 ∣ 5517
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lily blooming strategy : 
in-plane growth differences  will change distances 

How to use this stragegy?

everything is possible



How to use this stragegy?

https://n-e-r-v-o-u-s.com/

numerical simulation  (Floraform)



How to use this stragegy?

plastic bag tearing.plastic bag tearing.

Sharon et al, Nature 2002



How to use this stragegy?

plastic bag tearing.

can we mimic « differential growth » at will ?



a gel swelling with water (triggered by temperature) 

different from) gtar. We show that the construc-
tion of elastic sheets with various target metrics
is possible and results in spontaneous formation
of 3D structures. These structures exist in both
large-scale buckling and small-scale wrinkling
forms. We further suggest guidelines for how to
generate each type of feature. Being free in
space and not locked onto a specific embedding,
these sheets undergo morphological transitions,
driven by global constraints on possible embed-
dings of their target metrics.

We used N-isopropylacrylamide (NIPA) gels
to construct sheets with inducible non-Euclidean
gtar. The gels are produced by mixing NIPA
monomers with bisacrylamide (BIS) (6% by
weight of NIPA) cross-linker in water. The addi-
tion of catalysts initiates polymerization of a
cross-linked elastic hydrogel [Supporting Online
Material (SOM) text]. This gel undergoes a sharp,
reversible, volume reduction transition at Tc =
33°C (19), above which its equilibrium volume
decreases considerably. Calibration experiments
(fig. S1) using various homogeneous (each of a
different fixed NIPA concentration) gel discs pro-
vide the relation between the monomer concen-
tration and h, the shrinkage ratio of the WactivatedW
gel. These measurements show that dilute gels
shrink a lot, whereas gels with high monomer
concentrations undergo moderate shrinking.

To impose nontrivial target metrics, we con-
structed sheets with internal lateral gradients in
NIPA concentration, i.e., h = h(r). We used
programmable actuated valves to inject solu-
tions with gradients in monomer concentration
into a mold (Fig. 1). Polymerization takes place
within a minute, and the imposed gradients are
thus frozen within the gel. The constructed
sheets are flat below Tc but are programmed to

shrink differentially, with ratio h(r), upon
activation at T > Tc. Indeed, the sheets adopted
a non-Euclidean metric and underwent large
reversible shape transformations (Movie S1). To
cast radially symmetric discs, we used a Hele-
Shaw cell configuration. The solution is injected
into the gap between two flat glass plates
through a central hole in one of them (Fig. 1).
Gel tubes were cast by injecting the solution into
the gap between two concentric glass tubes.

The differential shrinking changes distances
between points on the surface; that is, it defines a
new target metric on the disc. Because the sys-
tem is radially symmetric, we consider a closed
circle of radius r on the cold disc. After the
shrinking, both perimeter and radius of the circle
are modified. The perimeter is now 2prh, and
the radius is r(r) = ∫0rh(r′)dr′. Thus, the perim-
eter of a circle of radius r on the shrunk disc is
now f (r)2pr, where f (r) is determined by h(r).
With use of a radial coordinate system (r, q), the
linear element determined by gtar is dl

2 = dr2 +
r2f (r)2dq2, and the prescribed target Gaussian
curvature reads

KtarðrÞ ¼ −
½rf ðrÞ%rr
rf ðrÞ

ð1Þ

The r-dependent monomer concentration is thus
a knob with which we can set [rf (r)]rr and
determine a target Gaussian curvature. When
[rf (r)]rr does not equal 0, Ktar also does not
equal 0, implying that any embedding of gtar
cannot be flat. This is demonstrated in Fig. 2A,
where increasing and decreasing monomer con-
centrations result in Ktar < 0 and Ktar > 0, respec-
tively. The resultant configurations of the sheets
are nonflat, corresponding to gtar (Fig. 2A insets).

The sheets are not ideal 2D surfaces, and
their equilibrium configurations are determined
by balancing stretching and bending energies:
The stretching energy, which vanishes only in
embeddings that fully follow gtar, scales linearly
with the sheet thickness, t (20). The bending
energy, which is 0 only in flat configurations
(because the sheets are uniform across their
thickness), leads to deviations from gtar and
scales as t3. Thus, as t → 0 the stretching term
dominates, and, therefore, a sheet will be willing
to bend a lot in order to reduce its inplane strain.
Therefore, equilibrium configurations will in-
volve only small amounts of inplane strain, and
the metric of the selected configuration g is ex-
pected to approach gtar. To check this conjecture,
we compared the metrics of curved discs to their
target metrics. The topography of the discs z(x,y)
was measured by using an optical profilometer
(Conoscan 3000, Optimet, Jerusalem, Israel)
(SOM text). Radial geodesics (the equivalent
of radial lines on a curved disc) were plotted for
azimuthal angles q (Fig. 2B, insets), enabling the
identification of circles of radius r on the curved
surface (in general, the projections of these
curves are not circles in the x,y plane). We mea-
sured the perimeter of such circles and compared
it to f (r)2pr, the perimeter set by gtar. This
comparison is shown for two types of discs of
positive and of negative target Gaussian curva-
ture (Fig. 2B). In both cases, the perimeter at r
closely follows the prescribed one, and indeed
the sheets' metric (averaged over q) is very close
to their target metric.

When averaged over q, the two types of discs
follow gtar; however, they present two qualita-
tively different physical behaviors. The surfaces
of Ktar > 0 preserve the radial symmetry of gtar,
generating surfaces of revolution (Fig. 2, lower
insets). The surfaces of Ktar < 0 break this sym-
metry, forming wavy structures (Fig. 2 upper
insets). To understand the nature of this qualita-
tive difference, we compared the magnitude and
the distribution of bending and stretching energy
densities across the sheets. The stretching energy
density results from inplane strain, that is,
differences between g and gtar. Thus (according
to Gauss' theorem), local differences between
K(r,q) and Ktar(r) indicate a nonzero stretching
energy density. The bending energy density is
Eb(r,q) = DB(r,q), where D is the bending
stiffness of the sheet (SOM text) and B(r,q) =
4H2(r,q)−K(r,q), with H(r,q) the local mean
curvature. Thus, the bending energy density can
be studied by analyzing B(r,q).

The distributions of H2(r,q) and K(r,q) are
presented in Fig. 3. For discs of Ktar > 0 (Fig. 3,
A and B, left), bothK andH2 are distributed in a
radially symmetric manner and are of the same
magnitude. The symmetric distribution of K
indicates that gtar is obeyed locally and not just
on average (Fig. 2). This indicates that the sur-
faces' configuration is very close to an embed-
ding of gtar, and thus its stretching energy is
close to 0. H2(r,q) ≈ K(r,q) implies that B is

Fig. 1. The experimental system. High (~ 30%) and low (~ 10%) monomer concentration solutions
are mixed in a programmable mixer and injected into a Hele-Shaw cell (left). Polymerization leads to
the generation of a flat disc having internal lateral gradients in monomer concentration (center). Once
this programmed disc is activated in a hot bath of temperature T > Tc = 33°C, it shrinks differentially,
adopting a new, non-Euclidean target metric (right). As a result, it attains a 3D configuration.
Illustrated is a surface of positive Gaussian curvature, generated by increasing monomer concentration
during the injection.
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For metrics with Ktar(r) > 0, radially symmetric
global embeddings with small bending do exist
(21). Such theoretical configurations are good
minimizers of the sheet's energy; they fully fol-
low gtar (are free of stretching) and would pos-
sess low bending energy. The physical sheets
select such embeddings as a basis for their equi-
librium configurations. The finite thickness of
the sheets will lead to configuration that are
close to the mathematical (2D) ones, with both
bending and stretching energies small, as we
have shown. In contrast, embeddings of radially
symmetric metrics, with Ktar < 0 (hyperbolic
metrics) are nontrivial, do not preserve the radial
symmetry of the metric, and must include small-
scale structure (22, 23). The larger the sheet is,
the smaller this scale gets. Such embeddings of a
physical sheet would have large (bending)
energy and thus are not candidates for sheets'
equilibrium shapes. Indeed, the substantial lo-
calized stretching energy, together with the
large bending energy (Fig. 3, A and B, right),
indicates that the sheets do not select an
embedding of gtar as a basis for their equilibrium
configuration but follow a wrinkling-type be-
havior. In wrinkling, stressed small-scale (18)
and multiscale (24) wavy structures are formed
because of the inability to facilitate stretch-free
configurations with low bending energy. Our

experiments show that such conditions can
occur with free sheets, depending on their target
metric.

The prescription of smooth symmetric met-
rics can thus lead to the formation of both sym-
metric large-scale and oscillating small-scale
structures. This tool can be used as a basis for
a shaping principle. Different types of shapes are
constructed (Fig. 4) by combining regions of
different curvatures and controlling sheet thick-
ness and sheet topology. In contrast to the disc
topology, in cylindrical topology, symmetric,
low bending embeddings of Ktar < 0 do exist
(22, 25) in a trumpet form. A physical sheet will
thus be able to select such an embedding as a
basis for its equilibrium configuration, resulting
(Fig. 4 E) in a configuration that is symmetric
and feature-free. However, such a symmetric
surface can accommodate only up to −2p neg-
ative Gaussian curvature (22, 25). Beyond this
limit, the symmetric solution no longer exists.
This is seen in Fig. 4, F to H, where cylindrical
sheets with Ktar < 0 adopt wavy configurations,
as with the radial discs.

We suggest that large-scale buckling of
unconstrained elastic sheets occurs when a
non-Euclidean target metric gtar can be symmet-
rically embedded, with low associated bending
energy. When no such embedding exists, energy

minimization of the sheet is achieved via a
wrinkling-type behavior. This shaping principle
might play a role during developmental pro-
cesses in naturally growing tissues, where the
local nature of the growth provides a mechanism
for the formation of non-Euclidean metrics. In
our experimental system, gtar can be turned WonW
and WoffW by environmental conditions, having
an applicative potential. This approach can be
implemented by using other artificial materials
that undergo large volume reduction. Such new
materials are being developed to respond to
different external stimuli, such as light (26), pH
(27), glucose level (28), and other chemical
signals (29). Further study of the principles of
shaping by metric prescription can extend the
types and variety of structures that can be formed
by using thin sheets, as well as improve our
understanding of developmental processes.
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Fig. 4. Different struc-
tures of sheets with radi-
ally symmetric target
metrics. (A) A thick sheet
(t = 0.75 mm) with rel-
atively flat hyperbolic
metric adopts a configu-
ration with only three
waves. Thinner (t = 0.3
mm) sheets with larger
gradients in monomer
concentration form two
generations of waves
(B). Symmetric surfaces
of positive curvature,
such as in (C), can be
combined with negative
curvature margins to ob-
tain a wavy sombrero-like
structure (D). Axially sym-
metric metrics can be
applied to cylindrical
sheets. (E) A tube with
K < 0 preserves the radial
symmetry because the
amount of Gaussian cur-
vature integrated over the
tube is less than −2p.
When too much negative
curvature is accumulated
over a tube, it develops a
wavy edge. Tubes with
two (F), four (G), and six
(H) waves are obtained,
depending on the sheet
thickness and the metric profile.
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of Ω(r) at each lattice point according to Eqs. 3
and 4, determining the corresponding value of
flow from the fit of Eq. 2 to the data in Fig. 1H,
and finally setting the size of the dot at that
lattice point according to Eq. 1. Because the
power-law metrics in Eq. 3 diverge or vanish at
the origin, it is necessary to cut out a small re-
gion around the center of each of the two cones.

The shapes adopted by the corresponding gel
sheets (Fig. 2, A to D) are measured by laser scan-
ning confocal fluorescence microscopy (LSCM)
and analyzed as described in the SOM. Each of
the four surfaces shows only small deviations
about an average Gaussian curvature, with the
exception of the regions near the free edges,
where our analysis yields artifactual curvatures
(due to the finite thickness of the gel sheets, the
surface meshing procedure used yields addition-
al points on the edges that do not accurately
reflect the 2D geometries of the sheets). After
excluding regions of the surface within 2h of the
edges to avoid these artifacts, we find the aver-
age Gaussian curvatures of the spherical cap and
saddle to be 6.2 mm−2 and –20.6 mm−2, respec-
tively, with nearly axisymmetric distributions
of curvature (fig. S2A). Both values are in rea-
sonable agreement with the target values, al-
though the tendency of disks with uniform dot
sizes to show slight curvatures (with radii of 2
mm) suggests the presence of slight through-
thickness variations in swelling (see SOM for
details) that may contribute to the observed de-
viations from the programmed curvature. Inter-
estingly, we do not observe a boundary layer
with negative Gaussian curvature around the
edge of the spherical cap as has been reported

for truly smooth metrics (17, 18), possibly re-
flecting the influence of the through-thickness
variations in swelling. For both cones, the av-
erage Gaussian curvatures, excluding regions at
the free edges, are close to zero. Further, Fig. 2E
shows a plot of the deficit angle d measured for
five different cone metrics with power law ex-
ponents −1 ≤ b < 0, which agrees closely with
the programmed value d = −pb.

We next consider metrics of the form

WðrÞ ¼ c½1þ ðr=RÞ2ðn−1Þ&2 ð5Þ

corresponding to Enneper’s minimal surfaces
with n nodes. These surfaces all have zero mean
curvature and so are expected to minimize the
elastic energy for these metrics at vanishing
thickness (18). Although Eq. 5 is axisymmetric,
Enneper's surfaces spontaneously break axial
symmetry by forming n wrinkles. In Fig. 2, G
to J, we demonstrate patterned surfaces with n =
3 to 6, each of which reproduces the targeted
number of wrinkles. As shown in the maps of
curvature in Fig. 2 (and azimuthally averaged
plots in fig. S2B), each surface has small mean
curvature and negative Gaussian curvature that
matches closely with the target profile. For a
given film thickness, increasing n eventually
leads to a saturation in the number of wrinkles,
because the bending energy arising from Gaussian
curvature increases with n (for the films with
h ≈ 7 mm in Fig. 4, a metric with n = 8 yielded
only six wrinkles). However, given the subtle
differences between the metrics plotted in Fig.
2F, the ability to accurately reproduce the pro-
grammed number of wrinkles for n = 3 to 6 is a

strong testament to the fidelity of the metrics
patterned by this technique.

The true power of our approach lies in the
fabrication of nonaxisymmetric swelling pat-
terns. As a simple demonstration, we first con-
sider the problem of how to form a sphere
through growth. For the axisymmetric metric
described in Eq. 4, the maximum value of r/R
to which this metric can be experimentally pat-
terned is restricted by the accessible range of
swelling. In our case, this range is Ωhigh/Ωlow ≈
3.7, limiting the maximum portion of a sphere
that can be obtained to slightly less than half.
Although further improvements in the material
system are likely to increase the available range,
the axisymmetric metric is inherently an ineffi-
cient way to form a sphere, because as one seeks
to go beyond a hemisphere and toward a closed
shape, the required swelling contrast diverges
rapidly. Given access to 2D metrics, however, a
number of well-established conformal mappings
of the sphere onto flat surfaces are known from
the field of map projections. For example, the
Peirce quincuncial projection (27) maps a sphere
of radius R onto a square using the metric

Wðx; yÞ ¼ 2
� dn xþiy

R � 1ffiffi
2

�
" #

sn xþiy
R � 1ffiffi

2
�

" #
� 2

1þ � cn xþiy
R � 1ffiffi

2
�

" #
� 2

� � 2 ð6Þ

where sn, cn, and dn are Jacobi elliptic func-
tions, and x and y are the components of r. This
metric still has four cusp-like singularities where
Ω(r) = 0; however, one of its useful properties
as a map projection is that only a small portion

Fig. 2. Halftoned disks
with axisymmetric met-
rics. Patterned sheets pro-
grammed to generate (A)
a piece of saddle surface
(Sa), (B) a cone with an
excess angle (Ce), (C) a
spherical cap (Sp), and
(D) a cone with a deficit
angle (Cd). (Top) 3D re-
constructed images of
swollen hydrogel sheets
and (bottom) top-view
surface plots of Gaussian
curvature. Initial thick-
nesses and disk diame-
ters are 9 and 390 mm,
respectively, although
the apparent thickness
of sheets is enlarged due
to the resolution of the
LSCM. (E) Measured val-
ues of deficit angle d
for cones with five dif-
ferent exponents b (see Eq. 3) (black solid circles) and the programmed
values (blue dashed line). (F) Swelling factors for the target metrics as a
function of normalized radial position on the unswelled disks r/R, with points
plotted at values corresponding to lattice points to indicate the resolu-
tion with which Ω is patterned. (G to J) Patterned sheets programmed to

generate Enneper’s minimal surfaces with n = (G) 3, (H) 4, (I) 5, and (J) 6
wrinkles upon swelling as dictated by Eq. 5. 3D reconstructed images (top)
and top-view surface plots of squared mean curvature H2 and Gaussian
curvature K (bottom). Initial thicknesses and disk diameters are 7 and 390 mm,
respectively.
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leached out. As such, more complete reaction with longer light 
exposure also leads to lower (monomer) mass loss (Figure 1e). 
Meanwhile, longer exposure results in a tighter cross-linking 
structure (Figure 1b) corresponding to a lower swelling ratio 
(Figure 1e). Overall, the monotonic dependence between the 
exposure time and various hydrogel properties (Figure 1d,e) 
establishes a sufficiently large time window critical for the 
spatio-selective digital printing, which is the key toward crea-
tion of 3D shapes. Herein, the print resolution for the resulting 
hydrogel is ≈0.01 mm2, limited by the resolution of the pro-
jected light and the swelling (see the Supporting Information 
and Figure S3, Supporting Information).

We note that the above process represents a significant depar-
ture from the grayscale lithographic technique that utilizes a 
digital micromirror device to spatially control cross-linking of a 
custom initiator-containing pre-polymer.[25] Specifically, the use 
of commercial liquid monomers in the current work instead of a 
custom made pre-polymer as the printing precursor has several 
critical advantages besides the obvious material availability and 

cost. Since the initiator is not an integral part of the pre-polymer, 
it can be chosen freely to better accommodate the light source, 
thus permitting the use of safe visible light instead of ultraviolet 
light curing required for the pre-polymer. More importantly, the 
freedom to choose monomers allows tuning of the resulting net-
work properties at will. This leads to an extremely large swelling 
contrast (the ratio between the highest and lowest swelling 
ratios) of 40 for the current system (Figure 1e) versus 4 for the 
pre-polymer approach. The larger swelling contrast, correspond-
ingly the stress contrast, is critical as it allows the fabrication 
of a wider range of sharper shapes (relative to the film thick-
ness). Beyond that, the ability to freely choose monomers opens 
up vast opportunities to incorporate additional dimension(s) 
such as various active stimuli-responsive behaviors[1,26] into the 
hydrogel. The above virtues are integral in the complex multi-
dimension printing demonstrated below.

Before printing actual custom 3D shapes, we first establish 
quantitatively the influence of 2D print design on the 3D shape. 
We employ a concentric circular print layout in Figure 2a 

Adv. Mater. 2017, 29, 1605390
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Figure 1. Digital printing process, principle, precursors, and resulting material properties. a) Experimental printing setup. b) Illustration of the pix-
elated control via digital light exposure. Green dots and blue lines represent unreacted free monomers and cross-linked polymer chains, respectively. 
c) Chemical structures of the precursor monomers for the hydrogel system. d) Exposure time determined double bond conversion and modulus of the 
resulting hydrogels. e) Mass loss and swelling ratio as a function of exposure time.
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takes is one brief digital light exposure. Furthermore, the sim-
plicity of the printing process does not impose strict require-
ments in terms of precursor selection. In fact, other than the 
need to tune the light curing kinetics, constraints for typical 
3D or 4D printing techniques such as precursor viscosity do 
not limit material selections for the current technique. The 
freedom to use a variety of precursors carries many benefits, 
one of which is to incorporate additional dimensions beyond 
the three geometric dimensions such as active shape trans-
formability. Overall, our general concept of digitally defining 
stresses on a 2D film to yield multi-dimensional shapes can be 
extended to a variety of material systems. In particular, consid-
erable opportunities exist in exploring various types of stresses 
(other than the swelling stress unique to gels) and the chal-
lenge there lies in how to digitize the stress control in ways that 
are laid out in this work.

Experimental Section
Materials: HEA, HEMA, PSPMA, LA, and HDDA were all 

purchased from Sigma Aldrich. Wax (melting point from 58 to 

60 ° C) was purchased from Sinopharm Chemical Reagent. Bis(2,4,6-
trimethylbenzoyl)-phenylphosphineoxide (Irgacure 819, Ciba Specialty 
Chemicals, Switzerland) having long-wavelength absorptions (365 and 
400 nm) was chosen as the photoinitiator. PCLDA was synthesized 
from polycaprolactonediol (Mn of 2000, Sigma Aldrich) according to 
previously published paper.[31]

Digital Printing of Hydrogels: A reaction cell was designed consisting 
of two surface treated glass slides (1 mm thick) separated with a silicone 
rubber spacer (0.5 mm thick). The pre-treatment of the glass slides 
consisted of a first ethanol cleaning step followed by vapor deposition 
of 1H,1H,2H 2H-perfluorodecyltriethoxysilane. The printing precursor 
solutions were prepared by mixing 78 wt% HEA, 10 wt% HEMA, 
2 wt% PSPMA, 10 wt% PCLDA, and 0.2 wt% Irgacure 819. Once made, 
the precursor solutions were kept in the dark to prevent visible light 
exposure. For the digital printing, the precursor was first introduced in 
the reaction cell. Printing was then conducted with a digital micromirror 
device based commercial projector (Vivitek D538W-3D, 240 W) 
controlled by a B9Creator software through a .stl file. The digitally cured 
sample was further developed into a 3D shape through water. For a 
hydrogel, the swelling ratio was defined as the weight ratio of a sample 
between its fully swollen hydrogel state and its dry state. For better 
visualization, all photographed hydrogels were dyed by adding crystal 
violet (<0.01 wt%) in the deionized (DI) water during swelling.

Digital Printing of Wax-Based Shape Memory Polymers: The 
experimental setup was identical to that of the hydrogel printing except 

Adv. Mater. 2017, 29, 1605390
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Figure 3. Demonstration of printing versatility. All the insets represent the planar printing layouts with lighter blue denoting shorter light exposure and 
white representing no light exposure. All scale bars are 1 cm. a) Printed multi-scale buckled structures. b) 3D cartoon face mask viewed from two dif-
ferent angles. c) Finite element analysis (FEA) modeling of a 3D theater. From left to right: planar printing layout, 3D theater viewed from two different 
angles, and the corresponding strain map scale. d) Photographic images of actual printed 3D theater viewed from two different angles. e) Printed 4D 
object, that is, 3D object with active shape changing capability.
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Figure 1 | Programming localized anisotropy via biomimetic 4D printing. One-step alignment of cellulose fibrils during hydrogel composite ink printing.
a, Schematic of the shear-induced alignment of cellulose fibrils during direct ink writing and subsequent e�ects on anisotropic sti�ness E and swelling
strain ↵. b–d, Direct imaging of cellulose fibrils (stained blue) in isotropic (cast) (b), unidirectional (printed) (c) and patterned (printed) (d) samples (scale
bar, 200 µm). e, Applying Fourier analysis to NFC-stained images allows quantification of directionality: printed unidirectional samples exhibit a clear peak
at 0�, corresponding to the print direction, whereas isotropic samples show no clear directional peaks. f, E�ect of nozzle diameter on transverse and
longitudinal swelling behaviour of printed hydrogel composites. g, Swelling strain of cast and printed samples (nozzle diameter = 510 µm). All error bars
represent the standard deviation (n=6).

and curvature strain tensors, and traction along the midplane must
be identical. Reflecting these conditions, we consider a theoretical
model for a three-dimensional structure produced by a prescribed
print path, where the print path dictates the local orientation of
the cellulose fibrils. The bottom layer is printed parallel to the
ex direction, and the top layer has been rotated anticlockwise by
✓ degrees (see Supplementary Fig. 1).

The resulting curvatures depend on the elastic moduli, the
swelling ratios, the ratio of layer thicknesses m= abottom/atop and
total bilayer thickness h= atop + abottom. The mean and Gaussian
curvatures scale, respectively, as

H =c1
↵k �↵?

h
sin2(✓)

c2 �c3 cos(2✓)+m4 cos(4✓)

and

K =�c4
(↵k �↵?)2

h2

sin2(✓)

c5 �c6 cos(2✓)+m4 cos(4✓)

where the ci are functions of the elastic constants (which
are given by their equilibrium swollen values) and m (see
Supplementary Information for further details). In the limit that

✓ ! 0�, we recover the classical Timoshenko equation26, whereas
perpendicular layers (✓ =90�) return a saddle-shaped structure9.

A series of simple printed bilayer architectures allows us to
explore these relationships and the quantitative connection between
swelling as well as elastic anisotropy and the curvature of the target
surface (Fig. 2).We first demonstrate independent control over both
the mean and Gaussian curvatures, the two invariants associated
with the curvature of any surface.

Positive Gaussian curvature can be generated by swelling a
structure that is primarily made of concentric circles27 (Fig. 2a).
This structure is conical (K ⇠ 0) far away from the tip, but has
Gaussian curvature K ⇠ ✏2/h2 concentrated near the apex, where
✏ ⇠ (↵k � ↵?). The conical opening angle, both measured and
calculated using our theory, is ✓ = 52� (see Supplementary
Information). On the other hand, almost uniformnegativeGaussian
curvature associated with saddle-like shapes comes from an
orthogonal bilayer lattice9 (Fig. 2b). The orthogonal swelling of
each layer yields a surface that is curved oppositely along two
directions—that is, a saddle-shaped surface with mean curvature
H ⇠ 0 and Gaussian curvature K ⇠ �✏2/h2. Combining these
two morphologies produces a sample with zones of both positive
and negative Gaussian curvature (Fig. 2c). Simple structures that

2
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